Let G be a finite group. The isomorphism classes of G-sets generate a commutative ring.~[G] which we call the Burnside ring of G. We prove that.~[G](~)Q is a semisimple algebra over Q and that formulas for certain primitive idempotents of this algebra yield the theorem of Artin on rational characters in an explicit form due to Brauer. The proof uses an isomorphism between.~[G](~)Q and an algebra defined by the M6bius function of the partially ordered set of conjugacy classes of subgroups of G.
INTRODUCTION
Let G be a finite group. A finite set X is a G-set if there is given a mapping (a, x) ~ ax from G • X into X such that a(zx) = (aT)X and lx ----x, for all a, ~ 6 G and x 6 X. Thus a G-set amounts to a finite set X together with a representation of G in the group of permutations of X. Each subgroup H of G defines a G-set XH whose elements are the left cosets mod H. The isomorphism classes of G-sets may be added and multiplied in natural fashion and generate a commutative ring ~[G] which, since it seems to have been defined for the first time in Burnside's book [3, , we call the Burnside ring of G.
Every G-set X defines a representation of G in G L (n, Q) and hence 1 This work was supported in part by the National Science Foundation under grant GP 6080. The author would also like to thank the Warwick Algebra Symposium for its hospitality. [G] , is an epimorphism. In fact, a theorem of Artin [1, 4] states that •o [G] is the image, under char, of the subalgebra of,CYo [G ] spanned over Q by those isomorphism classes of G-sets which are defined by cyclic subgroups H of G. Alternatively, every rational character of G is a linear combination with rational coefficients, of permutation characters defined by cyclic subgroups.
In this paper we stick to the easy case and show Artin's theorem is a consequence of general facts about .~q [G] . We prove that ~K[G] ----3[G] @ K is a semisimple algebra for any field K of characteristic zero or prime to the order ] G [ of G. If K = Q, the argument yields a description of the kernel (and image) of char as well as a formula for certain primitive idempotents in 5~'o [G] . This formula passes, under char, into a formula of Brauer [2] which refines Artin's theorem by expressing any rational character as an explicit linear combination of permutation characters defined by cyclic subgroups.
The proofs hinge on definition of a semisimple algebra ~;[P] which we associate with any finite partially ordered set P and field K, and which, for reason apparent in its definition, we call the MSbius algebra of P over K. In case P is the set of conjugacy classes of subgroups of G, partially ordered in natural fashion, it turns out that there is a canonical isomorphism~'K[G] _~ S/K[P], whenever the characteristic of K is zero or prime to I G I, and this determines the structure of .~K[G].
THE MOBIUS ALGEBRA
Let P be a finite partially ordered set. The MSbius function # of P is a function from P • P to the ring Z of integers defined [5] 
$e(Xea) = ~c(x)$e(ea) = $e(x)CSa,c = $a(X)6a,c = ~e($a(x)ea),
so that by our previous remark 
so the multiplication is associative and ~g'[P] is indeed a commutative ring isomorphic to the direct sum of the Z Ca. If K is a field then
is certainly semisimple and the proof is complete.
Note that if a n b exists for a particular pair (a, b) then ~a,b(P)----Y~ #(P,q)= 1 ifp=a~b, p_<q_<ac~b 0 otherwise, so that ab = a ~ b. Thus if P has a unique maximal element m, then ma = rn n a = a for all a ~ p so that m is the identity of J/[P].
THE BURNSIDE ALGEBRA
Let G be a finite group. Two G-sets X, Y are isomorphic if there exists a one-to-one map 0 from X onto Y such that O(crx) = cr (Ox) for all x ~ X and cr ~ G. The product X • Y becomes a G-set if we define cr(x, y) = (crx, cry). We say that X is transitive if X -----Gx for some x ~ X. Any G-set X may be written as a disjoint union of uniquely determined transitive G-sets, the orbits of X under G. Any subgroup H of G defines a transitive G-set XH whose elements are the left cosets mod H, with cr(zH) defined as (crz)H. Conversely, if X is a transitive G-set and x is any element of X, then X is isomorphic to XH, where H, the stabilizer of x, consists of the elements of G which fix x. Two subgroups define isomorphic G-sets if and only if they are conjugate in G.
Let P be the set of all conjugacy classes of subgroups of G. Let~[G] -----~a~P Zxa be the free Abelian group generated by symbols xa in oneto-one correspondence with the elements a of P. For each a ~ P choose a subgroup H a in the class a. Let X, be the corresponding G-set and for a, b, c ~ P let ra,b,c be the number of orbits of X, • Xb under G which are isomorphic to Xc. This number depends only on a, b, c and not on the subgroups Ha, Hb, He. Then defining products such that yaU a = Ya 9 Let b < a and suppose we have shown that y,u a = y, for all c < b < a. Then the congruence YaYb =~ ra,bYb mod lib, of Lemma 2, shows that (YaYb --ra,Oyo)Ua = YaYb --h,bYb whence, by our assumption on the characteristic, it follows that youa = Yb. Thus we conclude by ascending induction on b that youa = Yo for all b < a. Thus u~ is an identity element for Ua and in particular, ubua = ub for all b < a.
Since yaUa = Ya ~-Va, it follows from Lemma 1 that ua ~ Va whence by ascending induction on a we see that the ub with b ~ a span ua, and hence that the u, span 2gIG ]. Since their number is equal to the dimension of~K[G ] over K, the ua are a basis for .~K[G] over K.
Thus we may write, for any a, b 6 P uaub = Y, V)dp)up, 
COROLLARY. Let G be a finite group and let K be afield of characteristic zero or prime to I G 1. Then the Burnside algebra ~K[G] is semisimple.

RATIONAL CHARACTERS
A rational character of G is the character of a representation of G in GL(n, Q).2 Beyond the bare definition we require only one fact [4, Lemma 39.4] , which is a direct consequence of the definition and an eleFor Artin, a rational character is a rational valued character of a representation in GL(n, C). This distinction is important for some purposes but is irrelevant here. But again, the char e~ assume only the values 0, 1 so char ea = 0 for a # Z. We summarize the results, as e"--lN. I ~<. 
